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IX. Combinatorial Analysis. The Foundations of « New Theory.

By Major P. A. MacMauox, D.Sc., I.R.S.
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E — INTRODUCTION.,

@) : Ixn the ‘Transactions of the Cambridge Philosophical Society’ (vol. 16, Part IV.,
EG p- 262), I brought forward a new instrument of research in Combinatorial Analysis,
TO and applied it to the complete solution of the great problem of the ¢ Latin Square,”
w which had proved a stumbling block to mathematicians since the time of Euler. The

method was equally successful in dealing with a general problem of which the Latin
Square was but a particular case, and also with many other questions of a similar
character. I propose now to submit the method to a close examination, to attempt
to establish it firmly, and to ascertain the nature of the questions to which it may be
successfully applied. We shall find that it is not merely an enumerating instrument
but a powerful reciprocating instrument, from which a host of theorems of algebraical
reciprocity can be obtained with facility.

We will suppose that combinations defined by certain laws of ‘combination have to
be enumerated ; the method consists in designing, on the one hand, an operation
and, on the other hand, a function in such manner that when the operation is
performed upon the function a number results which enumerates the combinations.
If this can be carried out we, in general, obtain far more than a single enumeration ;
we arrive at the point of actually representing graphically all the combinations under
enumeration, and solve by the way many other problems which may be regarded as
leading up to the problem under consideration. In the case of the Latin Square it
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e was necessary to design the operation and the function the combination of which was
2 competent to yleld the solution of the problem. It is a much easier process, and
> E from my present standpoint more scientific, to start by designing the operation and
2 - the function, and then to ascertain the questions which the combination is able to
mQ deal with.

O § 1. |

Art. 1.—I will commence by taking the simplest possible question to which the
method is applicable. Let us inquire into the number of permutations of n different
letters. A knowledge of the result would at once lead us to design

An operation. A function.

(d/dxy ar

PHILOSOPHICAL
TRANSACTIONS
OF

VOL. CXCIV.—A 260.

o
5

30.7.1900

/)

GU

The Royal Society is collaborating with JSTOR to digitize, preserve, and extend access to éfr 2

Philosophical Transactions of the Royal Society of London. Series A, Containing Papers of a Mathematical or Physical Character. STOR ®
WWWw.jstor.org


http://rsta.royalsocietypublishing.org/

N A

a
L
/%
AL B

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

JA \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

362 MAJOR P. A, MACMAHON ON COMBINATORIAL ANALYSIS,

since (d/dx)* ®* = n!; but once we observe the way in which d/dx operates upon z*
we require no previous knowledge of the result to aid us in the design. Conceive @’

written as a product
E &x
XX . ..

the operation of d/dx consists in substituting unity for 2 in all possible ways, and
summing the results obtained.

d
—x'=1.xxx ... 4+ xlax . . . xxlax . . . 4+ ... = navL,
dz

We have, in fact, to perform n operations of substitution ; let us select one of these,
say-—
xxlxx . .

and denote the minor operation, by which it has been obtained, by the scheme

HEERE

the suffix o denoting that the first operation of d/da has resulted in the appearance
of the unit.

. d . . . .
To obtain A (xxlzx . . .) we have n — 1 minor operations by which « is replaced

by unity in all possible ways. If one term obtained be

@
lxelen . . . *

the operations by which this has been reached may be denoted by the scheme

la

15

and by proceeding in this manner we finally reach a lattice, square and of n* compart-
ments, which is the diagrammatic representation of one of the n! combinations of
minor operations which results from the operation of (d/dx)" upon «*. If we transfer
the 15 1., . . . to the top row we see that to each diagram corresponds a permutation
of the n different letters a, b, ¢, . . . Moreover suppressing the letters a, 0, ¢, .
we see that we have solved the following problem, viz. :—To place n# units in the
compartments of the square of order n, so that each row and each column contains
one and only one unit. In general we find that the problems that can be solved have
some simple definition upon a lattice, as in the present instance. Writing «, b, ¢, . . .
as d,, t, a3, . . . the suffix of the letter is given by the row and the place in the
permutation by the column, so that to a4 standing ¢ in a permutation would correspond
a unit in the s row and ¢ column of the lattice. "
It may be remarked, and will afterwards appear, that in general many different
designs of operation and function are appropriate to a particular problem.
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THE FOUNDATIONS OF A NEW THEORY. 363

Art. 2—With the immediate object of applying the method to the general case of
permutation, there being any number of identities of letters, we must first obtain
another solution of the foregoing problem.

Let a;, o, o5 . . . be a number of quantities and o, @y, @5, . . . their elementary
symmetric functions. Further, let

d d a
and o, = Saja, . . . &g = (1°) in partition notation.
We may take as operation and function
D and (1),

equivalent to (d/da,)" and ", which we had before, but more convenient as being
readily generalisable.

Let D, = Sl!dﬂ d,’ denoting an operator of order s, obtained by symbolical multi-

plication as in Taylor’s theorem. Suppose the question be the enumeration of the

permutations of the quantities in a™a,™ . . . @™, where ¥z = n. I say that the
operation and function are respectively
D,D, ... D, and (1).

Observe that this is merely the multinomial theorem for

n!

[ J— S, ks Ly Tn
(1)—"°+-rr1!7r2!...7rn12a11a22‘"a" + ..
n!

=.. +W_7“1(”1"2 .. 7r,,)+. .

in partition notation ; and

D.D.D,...D,(mmy...w)=15%
Hence
n!

D.D.D,, ... D.(1)y= mlmy gl o my!
the result we require.

The important operator D, has been discussed by the author.t Its effect upon a
monomial symmetric function is to erase a part = from the partition expression of
the function.

Thus
D,SaBy” . .. =D,(mpo .. . )=(po ... )=3B .. ..

* See HAMMOND, ‘ Proc. Lond. Math. Soc.,” vol. 13, p. 79 ; also ‘ Trans. Camb. Phil. Soc.,’ loc. cit.

T ¢ Messenger of Mathematics,” vol. 14, p. 164. ¢ American Journal of Mathematics,” ““Third Memoir
on a New Theory of Symmetric Functions,” vol. 13, p. 8 ef seq., p. 34 ¢f seg. *Trans. Camb. Phil. Soc.,
vol. 16, part IV., p. 262. . : . L , '

3 A2
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364 MAJOR P. A. MACMAHON ON COMBINATORIAL ANALYSIS.

If no part 7 presents itself in the operand, D, causes the monomial function to
vanish. Thus
D.(por . . .)=0.
The compound operation D, D, D, . . . denotes the successive performance of the
operations

D.,D,,D,, ... oforders m, my, w3, . . . respectively.

D..D., ...

w7 W g3

The law of operation of D, establishes that the component operations D
may be performed ¢n any order. Thus

D,D, (mmpo . . .)=D,(mpo . . .)=D, (mpo . . .)=(po .. .).

As the order of operation is immaterial, it is found convenient in most cases to
operate with D, D, D, . . . in the order D,, D,, D,, . . .; this may seem at first
sight at variance with the ordinary usage in the Differential Caleulus, but there is
a convenience in ordering the operator from left to right in agreement with the
practice of ordering a partition from left to right. If, further, we note the result—

D,,(w) =1

we have a complete account of the operator so far as it is concerned with an operand,
which is merely a monomial symmetric function. ~ The operation of D, upon a symmetric
function product is of even greater importance in the present theory. Tt has the
effect of erasing a partition of « from the product, one part from each factor, in all
possible ways ; the result of the operation being a sum of products, one product
arising from each such erasure of a partition. This has been set forth at length in
the papers to which reference has been given, but in deference to the suggestion of
one of the Referees appointed by the Royal Society to report upon the present paper,
a number of examples are given to familiarise readers with the processes which are so
much employed in what follows.

Erample 1.—Consider

D.(1).

The operand consists of n factors, each of which is (1) ; the operator D, is performed

through the partition of the number 7 which involves 7 units ; this partition must

be erased from (1)* = (1)(1)(1) . . . to = factors in each of the ( ;D possible ways, and
the results added. Thus |
D.(1) = (1) (1.
As a particular case
D, (1)t = () () (1) (1) + 1) () () (1) + () (1) (1) (1) + (1) (1) (1) (1)
+ (1) (1) (1) (1) + (1) (1) (1) (@) = 6 (1)* = () (1)°.
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-THE FOUNDATIONS OF A NEW THEORY. ' 365

~ This, the simplest example that could be taken, shows clearly the great value of
the operator D, as an instrument in combinatorial analysis.

Example 2.—T1t follow from the first example that if 37 = n,

n!

DnlDwgsz LI Dﬂ."(]_)”=

- ‘ w-llvrz!vr?,!...vr,;:'
Example 3.—Consider
D, (2)° (1)

We are concerned with the partitions of the number 4 into 2,2 and 2,1,1, and

D, (2)(2) (1) (1) = (2) (2) (1) (1) + (2) (2) (1) (1) + (2) (2) (1) (1) = (1)* + 2(2).

If now we operate with D, we have to take account of the partitions 1,1 and 2 of
the number 2, and we find

DD, (2)*(1)* = () (X) + 2 (%) = 3,
and we have the result

@PAP=...+3042)+ ...
as a consequence.
Similarly, reversing the order of the operations

Dy(2)(2) (1) (1) =2(2) (1) (1) + (2)(2) and D,(2)(1) (1) = Ds(2)(2) =1,
verifying the previous result.

If no partition of = can be picked out in this way from the partitions of the func-
tions forming the product, the result of the operation is zero.

Example 4.—
D1 = Dy(19)(12) = (1) (1) = (1)"

It is important to notice here that a unit is erased from (1%) = (11) in only
one way, and that for present purposes a number of similar figures enclosed in a
bracket are to be considered as the same, and not different; we have already seen
that when the figures are similar, but in different brackets, they are, for the purpose
of selection, to be considered as different figures.

Observe that since

Dy(17)* = (1) = (2) + 2(1%),
(12 = (2% + 2(21%) + . . .,

the terms to be added on the right for the full expression being such as do not contain
a figure 2.

To obtain the lattice representations, suppose m, my, s, . . . m, to be in descending
order, and thus to be an ordered partition of the number n.

we may say that
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366 MAJOR P. A. MACMAHON ON COMBINATORIAL ANALYSIS.

Since D, (1) = <Z_ > (1)»m, D, may be regarded as breaking up into <Z_
1

> minor
1

operations, each of which consists in erasing , of the n factors
(W@ ... (),

and replacing them by units. On the diagram we denote one such minor operation

by (say),

|1|l| Ill |lll| l lrw-nf’ofunits.—.ﬂ;

Keeping to this term,

11, (1) 1. (1) 11,1 (1) . .

and operating with D,, we find the operation breaking up into <n;71> minor opera-
2 g

tions, each of which consists in erasing m, of the factors, and replacing them by units.
Selecting one of these minor operations, we find that the corresponding term has been
obtained by operations conforming to the diagram of two rows

111 1 111 ----nfunits =TI,
1 111 ----n%funits =T,

Proceeding in this manner, we finally arrive at a lattice of n rows and 7 columns,
such that there is one and only one unit in each column, while the numbers of units
in the 1st, 2nd . . . nth rows are o, my, . . . m, respectively.

n!
mlmy! o . om, !
representations on the lattice corresponding to the permutations of the quantities in
aMo,™ L L L ™

The simple introductory examples lead one to expect that the method will be found
capable of dealing with questions either of a chess board character or which are con-
cerned with rectangular lattices. Further, the idea of lattice rotation gives promise
of leading to theorems of algebraic reciprocity and of reciprocity in the theory of
numbers, features almost inseparable from any lattice theory.

Art. 8.—The graph of a partition.—It is convenient to have before us the connexion
between this theory and the SYLVESTER-FERRERS graph of a unipartite partition.

Consider the operation DyD,*D, and the symmetric function (1%) (1) (1), (32°1)
being the partition conjugate to (431).

D;Dy*D, (1*) (1%) (1) = D,?D; (1%) (1*), the operation D; erasing one part, viz. :
unity from each factor; this we denote as usual by

;

We have thus the associated problem on the lattice, and we obtain


http://rsta.royalsocietypublishing.org/

THE ROYAL A

PHILOSOPHICAL
TRANSACTIONS

THE ROYAL A

PHILOSOPHICAL
TRANSACTIONS

A

SOCIETY

A \
I

A A

SOCIETY

A A

OF

OF

Downloaded from rsta.royalsocietypublishing.org

THE FOUNDATIONS OF A NEW THEORY. 367

again D,*D, (1%) (1?) = D,D, (1%) (1) and the two operations together give us

11111
111

and D,D, (1%) (1) = D, (1) = 1 and the complete lattice representation is

111]1
1i1
1
1

which is none other than the graph of the partition (32%1) or of (431) according as it
is read by rows or by columns. We might also have operated with D,D;D; upen
(1%) (1%)* (1) and, in general, if (mmm, . . .), (pypops - - .) be conjugate partitions,
we obtain their graphs either by operating with D, D, D, ... upon (1) (1%)(1#) .

or with D,D,D,, . . . upon (17) (1) (1) . . .

Art. 4.—1I proceed to consider some less obvious but equally interesting examples
of the method. The diagrams obtained depend upon the law by which the operation
is performed upon the function which is the operand. The operator D, in connexion
with symmetric function operands is of commanding importance. It would be
difficult to 1imagine an operation better adapted to research in combinatorial
analysis. We shall find later that an analogous operation exists which can be
employed when symmetric functions of several systems of quantities are taken
as operands. As an example of diagram formation, take as operator D,D,* and as
function (3) (21) (2) (1) (1) the weight of operator and of function being the same.

We have

Dy(3) (21)(2) (1) (1) |
=())@ OO+ )EnE) )M+ )EnE) @)
+ @) (D))
+ @@+ E)E)OMG)+E) @) ) )
+3)E) )G ), |

the eight terms arising from the partitions 31, 22, 211 of the number 4. The dots
take the place of the picked out partitions.

Hence | D,(3)(21) (2) (1) (1)
= (2)*(1F + 2(21) (2) (1) + (3) (1)° + 3(3) (2) (1) + (3) (21).

The operation D, breaks up here into eight minor operations; taking any one of
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these—say that one which consists in taking 3 from the factor (3), and 1 from the
factor (21), we form the first row of our diagram, viz.:—

B ][]
The term resulting from the selected minor operation is

(-)(2)(2) 1) 1)
the operation of Dj results in four minor operations corresponding to the four ways

of picking out a 2 and a 1 from different factors; we may select the particular
minor operation which results in

() E@@))
and now we add on the second row which denotes this minor operation, and obtain
the diagram of two rows.

31
2 1

We can now only operate in one way with D, upon (.) (-) (2) (1) (.) and we finally
obtain the diagram of three rows :—

3|1

211

which possesses the property that the sums of the numbers in the successive rows
are 4, 3, 3, respectively, while the successive columns involve the partitions (3), (21),
(2), (1), (1) respectively.

The number of such diagrams is A where

3)enE)1y= ...+ AU+ ...,
and A has the analytical expression
D,DA(3) (21) (2) (1)

Let us now consider the problem of placing units in the compartments of a
lattice of m rows and ! columns, not more than one unit in each compartment,

in such wise that we can count pj, gy, . . . p, units in the successive rows, and
A» Ny - . . M\ units in the successive columns. Take
As operation. As function.
A A A
D,D,. ... D, and (1%)(19)... (1%,

It |
() (1) = Al )
DD D () () L (1) = A,

5l R


http://rsta.royalsocietypublishing.org/

fa \

a
-
I ¥
y & ) ©

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

THE FOUNDATIONS OF A NEW THEORY. 369

and we can show that the number A enumerates the lattices under investigation.
The operation D, makes selections of every u, of the { factors and erases a part
unity from each ; one minor operation of D, therefore is denoted by u, units placed in
p, compartments of the first row of a lattice of [ rows; the operation D,, adds on a
second row, in which units appear in u, of the compartments, and so on we finally
arrive at a lattice possessing the desired property as regards rows, and as obviously
the column property obtains, the problem is solved.

Lx. gr. Take M\, =3, , =2, =1L,y =2, pg =2, ps =1, p, = 1
(BB (1) (1) = aga90, = . . . + 8(2211) + . ..
The eight diagrams are

1(1 111 111 111
1 111 1)1 111
1 1 ‘ 1
1 1
1 1 1 1 111 111
1 1 1 l 1
1 1 1
1 1 1 1

and no others possess the desired property.
We can now apply the method so as to be an instrument of reciprocation in
algebra. If we transpose the diagrams so as to read by rows as they formerly did

by columns, the effect is to interchange the set of numbers A, A;, . . . N, with the
set puy, oy - - - M, and the number of diagrams is not altered. Hence the reciprocal
theorem.

1f ) () o (1) = Al o ) o

then () ()= oo+ AN L N

a theorem known to algebraists as the Cayley-Betti Law of Symmetry in Symmetric
Funections.

The easy intuitive nature of this proof of the theorem is very remarkable.

Art. 5.—1In the above the magnitude of the numbers, appearing in the compartments
of the lattice, has been restricted so as not to exceed unity. This restriction may
be removed in the following manner. Consider the symmetric functions known as
the homogeneous product sums of the quantities a,, oy, @5, . . . Viz.:—

h, = (1),
hy = (2) 4 (1),
hy = (3) -+ (21) + (1),

VOL, CXCIV.—A. 3B
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370 MAJOR P. A. MACMAHON ON COMBINATORIAL ANALYSIS.

and note the result
Dsh/\ == h’)\~sa

and also Dby, oo by = Shy D o, o Ty

where (o, oy 03 . . . o) is a partition of s and the sum is for all such partitions,
and for a particular partition is for all ways of operating upon the suffixes with the
parts of the partition. Thus

Db, = bbb, + Wb, _sh, + bbb,
A+l ohy, ol & By, oy A B lh, s
+ Iy ol + My, by o+ by kb,
+ harliy i, .

If from the result of D, h,,h, ... h, we select the term product &, _,,,
ly,eg, .+« hy_q, the corresponding lattice will have as first row

the sum of the numbers being s, and if in the selected product we now operate with
D; we can select a term product from the result, and the two minor operations may be
indicated by the two-row lattice,

glalalal e
ARARAE- |7
the sum of the numbers 7 being .
Hence if we take as operation
D,D,...D,,

and as function bl . .. hy,
2

we will obtain a number of lattices of m rows and I columns, which possess the
property that the sums of the numbers in the successive rows are p;, pg, . . . pa, and
in the successive columns A;, Ny, . . . A, no restriction being placed upon the magni-
tude of the numbers. The number of such lattices is A, where

T, oo b= Alpgps o)

and now transposition of lattices shows that
o, « o hyo= oo FANN L N) 4 L

yielding a proof of a law of symmetry discovered by the present author many years
ago. The process involves the actual formation of the things enumerated by the
number A, The secret of its success in this instance lies in the result DA, = A,_,.
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THEI FOUNDATIONS OF A NLEW THEORY. 371
Ex. gr. We have
DD ? hghohy = 18
v.c. hghohy = . . . 4 18(2211) + . . .
hfh® = . .. 4 18(321) + ...

and we must have 18 lattices; now eight of these, in which the compartment
numbers do not exceed unity, have been depicted above ; the remaining 10 are

2 2 2 2 2
2 2 1 11 11
1 1 1] |1
1 1 1 1 1
2 2 12 2 2
{1 1] |2 2 1| |1
1 1 |1
1 1 1 |1

Arvt. 6.—The next problem I will consider is that in which the magnitude of the
compartment numbers has a superior limit k.
Let k&, denote the homogeneous product sum of order s in which none of the

(uantities «,, o, ey, . . . s raised to a higher power than k. Zw. gr. If kb = 2, £,
will be (21) + (1%), and not (3) + (21) 4 (1°).
‘We have Dk, =k,_, where A = £,
and Dk, =0 itA >k
Take as operation u ‘
b,b,...D,

and as function &y, &, . . . ky, and we will obtain a number of lattices of m rows and
[ columns which possess the property that the sums of the numbers in the successive
LOWS are iy, fhy - « - Mus and in the successive columns Ay, Xy, . . . A, the magnitude
of the compartment numbers being restricted not to exceed £.

The number of such lattices is

DD, ... D,k .. k= A

M

where kyfoy, o o k= . .o+ Alppy - o o) + o o
and by transposing the lattices
kmkuz Lok = e e e -+ A(M)‘z e )V) + ..

(7

establishing a law of symmetry in symmetrical algebra.
3 B2 ‘
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372 MAJOR P. A. MACMAHON ON COMBINATORIAL ANALYSIS.
I observe that if £ = 9, the lattices associated with and enumerated by

D3

15

kj;

include all the row and column-magic squares connected with the natural sevies of
numbers 1, 2, 3, 4, 5, 6, 7, 8, 9. In general if N = In(n® + 1), the lattices
enumerated by Dy ky, where & = 7? include all the magic squares of order n con-
nected with the first #2 numbers. If we could further impress the condition that no
compartment number is to be twice repeated, we would be successful in enumerating
the magic squares divorced from the diagonal property. This seems to be a matter
of difficulty, which is increased if an attempt be made to introduce diagonal and
other conditions to which certain classes of magic squares are subject.

It may be gathered from what has been said, that every case of symmetric function
multiplication is connected with a theory of lattice combinations. For if we take
as function

My o) om0 ) - (A ),
and as operation

bbb, ...
where prag+r4+ .. =2N+Zp+Z4 .,
we have
DD, e (i D) s O ) = A,

where
Mg o )Ny v ) e s - )= A(pgr )

that 1s to say, we multiply together a number of monomial symmetric functions so as
to exhibit it as a sum of monomial functions; in this sum we find a particular
monomial function affected with a numerical coefficient A which, as shown by the
present theory, is the number which enumerates lattices of a certain class easily
definable. Thus, in the present instance, if’ the partition (pgr . . .) involve ¢ parts,
the lattices have s columns and ¢ rows; the operation D, acts, through its various
partitions, upon the product of monomials, and any mode of picking out a partition
of p from the factors of the product, one part from each factor, constitutes a minor
operation which yields the first row of a lattice ; the operation D, is similarly respon-
sible for all the second rows of the lattices, and finally every resulting lattice possesses
a property which may be defined as under : -

The numbers in the successive rows ave partitions of the numbers p, ¢, 7, . .
respectively, and in the successive columns are the partitions (Mpw, . . . ),
Amavy « -« ), o« (Ao, . . . ) respectively. Such are the lattices enumerated by
the number A. One is reminded somewhat of CavLEY's well-known algorithm for
symmetric function multiplication (invented by him for use in his researches in the


http://rsta.royalsocietypublishing.org/

N

a
-
=0
L A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

THE FOUNDATIONS OF A NEW THEORY. » 373

theory of Invariants), but here the determination is representative as well as
enumerative, and has moreover analytical expression.

Loz, gr. Take as function (987)(654)(321), and as operation DD ;D , ; then
where (987)(654) (321) = . . . 4+ A (18.15.17)+ . . .

One of the associated lattices is

716]1
8[43
9|62

where observe that the numbers in the successive rows constitute partitions of the
numbers 13, 15, 17 respectively, whilst in the successive columns the numbers con-
stitute the partitions (987), (654), (321) respectively. The number of lattices
possessing this property, is A, and A is readily found to have the value 6. If we had
to find an expression for the number of row and column-magic squares of order 3,
it would be necessary to write down the sum of all products
(762) (951) (843)

formed from the first 9 (= %?) numbers in such wise that the content of each
partition factor is 15 = Jn(n® 4+ 1), attention being paid to the order of the parti-
tions, and to take as operation D}, or in general D}, The rvesulting lattices will
all be magic squares in which the diagonal property 1s not essential, and the result of
the operation upon the function will give the enumerating number.

Art. 7. To resume; in the lattice compartments we find invariably the numbers
Ny B Vs -+ - Agy fas Vay « o« Ay iy Vs . . . such numbers being subject to certain
conditions for each row and each column. The assemblages of numbers in the
successive columns do not vary from lattice to lattice, but those in the successive
rows do vary from lattice to lattice.

Let Mt tri+ =Mt =g
N+ ps+vs+ .00 =v, &e .
Then we have the following facts :—
(i.) The whole assemblage of’ numbers, A, wy, vy, « o Ny gy ¥gy o+ 0 Ny g vy,
is unaltered from lattice to lattice.
(i) The numbers N, g, », . . . appertaining to the columns, and the numbers
PLq 7, - - . appertaining to the rows, are unaltered from lattice to lattice.

These conditions do not define the lattices in question, because other lattices
comply with them, viz, those in which, the whole assemblages of compartment
numbers remaining unchanged, the column partitions, while satisfying the condition
(ii.), are other than
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My - ) apgry o ) gy <2 )
successively.
Let MNAwp e+ =,
Nt Fr+ =g,
AN oA ps v+ =,

..............

the assemblage of dashed numbers being in some order identical with the assemblages
of undashed numbers. The new conditions include lattices enumerated by

Do oo Wm0 ) Ny o ) (N )
and the totality of lattices, implied by them, is enumerated by
Dy oo o BN )W YN )

the summation being for every separation of the assemblage of numbers
}\3, K Vs oo )\27 gy Yoy o o }\3; s> Vg o v

into partitions

) o) Wy ) ey )
such that
MNAw +r+ =,
Nt p A+ =g,

Il

N v+

or, as it is convenient to say, for every separation of the given assemblage of numbers
which has the specification N, p, v . . . With this nomenclature we may say that
the successive row partitions have a specification p, ¢, 7 . . . and we may assert that
the lattices under enumeration are associated with a definite assemblage of numbers
and with two specifications, all three of which denote partitions of the same number,
SN+ 3+ + .. o=Adputrv+ .. =pt+g+r+. .. We thus asso-
ciate the lattice with three partitions of one number.

There is a law of symmetry connected with these lattices the true naturve of
whieh is not at once manifest ; it is not obtained by simple transposition of the above
lattices, and we are not permitted to simply exchange the partitions (\uv . . .),
(pgr . . .) preserving the assemblage of compartment numbers with the object of
obtaining identity of enumeration. The difficulty presents itself whenever two or
more partitions, (M/w,v)" . . .), \pg'vy’ . . ), &e. . . . are different but have the
same specification. 1 will obtain the true theorem by the examination of a particular
case. Let the assemblage of numbers be 2, 2, 1, 1, and consider the two results

EPAP= ... 4625+ ...

v


http://rsta.royalsocietypublishing.org/

/an
A

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)
A

a
\

/
S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

THE FOUNDATIONS OF A NEW THEORY. 375
connected with D,*(2)*(1)? = 6,
and 2PAY) = ... 42241+ .

connected with D,*D %(2)%(1?) = 2.

In the first case the row and column specifications are 2, 2, 2, and 2, 2, 1, 1, respec-
tively ; and in the second case 2, 2, 1, 1, and 2, 2, 2, respectively.

The first case yields the six lattices

2 2 2 2 11 111

| 1[1 1[1 2 2 2 2

the second case the two lattices

1 1

If we transpose the six lattices we obtain four lattices in addition to these two,
Viz. :

2 2 T2 2

TRE 1 1
1 1

The first pair of these would be derived from D,*D,*(2)(1%)(2), and the second
pair from D,?D%(1?)(2)%. Hence it is clear that to obtain identity of enumeration we
must multiply (2)%(1%) by a number equal to the number of ways of permuting the

. . . . 2 4+ 1)!
factors which have the same specification, viz., by (7-}:1,) = 3.

== 1,

. T .20 21
The corresponding multiplier of (2)*(1%) is - 5

Let then an operand be

(L) (Lo (L) oo (M (M) (M)

L, L, L, . . . denoting different partitions of the same weight,
Ml’ Mzs M3 L B ) 9
&e., &e., &e.
we attach a coefficient
G+ byl + .o )b (g 4 my + my .. )
Lttt . .. mylmylmg! ... T
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Let any operand
Mm'r ) (Waw) o ) (e )
so multiplied be denoted by
CoMpmv ) (Wm0 DN vy o)

then we have the following law of symmetry =
From a given finite assemblage of numbers

)\D ,u’l’ Vi, « v )\25 Pas Vos « v oy )\3: Mo, Vas o
construct all the products
Mmoo ) (W ) (s )

which have a given specification (Auv . . .) and all the products

(P - o ) (Paary + o ) (Pagers - - 1) - -
which have a given specification (pgr . . .).
1f
SCo(N vy o0 YWy’ oo YNy ) o= A (pgr )
then .
SCo(pairy -+ N pagsre - ) (Psgsrs - ) =4 A )

~ the lattices being derived from

Dy, 2Co(N v 0 ) (W) o ) (Nwvy’ o) L = A
Dyw.. . 2Co(pigimy « - ) (Pogery - - ) (Psgars - - 2) - . . = A.

This is the most refined law of symmetry that has yet come to light in the algebra
of a single system of quantities (¢f. “ Memoirs on Symmetric Functions,” ¢ Amer. J.,
loc. eit.). 'The actual representation of the things enumerated by the number A is
obtained with ease by this theory of the lattice.

§ 2.

Art. 8.—So far the operations have been those of the infinitesimal calculus, and
the numbers involved in the partitions of the functions have been positive integers
excluding zero. If we admit zero as a part in the partitions, we find that we have to
do with the operations of the calculus of finite differences. At the commencement
of the paper d/dz was shown to be a combinatorial symbol, in that when operating
upon a power of x, the said power being positive and integral, it had the effect of
summing the results obtained by substituting unity for « in all possible ways in the
product of @’s.  Now the corresponding operator of the calculus of finite differences,
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viz., A operates upon a power of x by striking out one x, two &’s, three ’s, &c., in all
possible ways and summing the results. Thus *

Ax® = prx 4+ xxx 4+ xxx + rrx + xxx + xex + e = 32 + 3z 4+ 1.

This simple fact shows that we may expect a corresponding theory of lattices, and
‘that this is, in fact, the case is seen immediately one introduces the part zero into
the partitions of the functions. I have introduced zero parts into partitions in the
Memoirs on Symmetric Functions above alluded to, and have imported into the theory
the corresponding operators d, and Dy,* It was there shown that, if n be the
number of quantities of which the symmetric functions are formed,

d
dor:-g;b, Dy = e — 1;
and thence it appears that we have operations D, dy, 1 + D, corresponding to the
operations A, d/dn, E of the calculus of finite differences.

Considering partitions which only involve zero parts, we have only finite difference
operations ; if we have other integers, we have mixed operations drawn both from
the finite and infinitesimal calculus.

The partition (0?) is derived from

Safadal . . . af

by putting ¢ = 0, and obviously has the value Q > and, in the paper referred to, it

has been shown that D, operates upon a monomial by erasing one zero part from its
partition, so that

D,(07) = (07°2)
which is to be compared with the operation of A, viz.:—

Ax™ = gD
where e =gx —1) (¢ —2) ... (z—m-1)

in the notation of the finite calculus. )

Further, it has been shown that D, operates upon a product of monomials through
its partitions 0, 00, 000, 0000, . . . which are ipfinite in number, viz. :—we are to
strike out one zero, two zeros, three zeros, &c., in all possible ways; but in any one
such operation not striking out more than one zero from any monomial factor.

Bz gr. . Do(0°) (0°) (0) = (0%) (0%) (0) + (0°) (0) (0) + (0%) (0?)
+ (0%)(0) (0) + (0°) (0°) + (0%) (0)
+ (09(0)
the successive lines being due to the partitions 0, 00, 000 respectively.
* ¢ American Journal of Mathematics,” vol. 12, second memoir, “On a New Theory of Symmetric

Functions,” p. 71 ¢f seq. ; and vol. 13, third memoir, &e., pp. 8 ¢ seq.
VOL. CXCIV.—A., 3 ¢
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Compare the difference formula

Avpw, = (EE'E” — 1) uvw,
’—_-(A+A’+AN+A,AH+A/,A+AA’+AA'AU)U_,;U¢'U)$,

where u, is only operated upon by E and A, v, by E" and A’, w, by E” and A”.

Art. 9.—Consider the lattice theory connected with the operation D, and zero-
part partition functions.

Take the function

(0%) (0%) (0%) -
A\ i, v, . . . being in descending order; if it be multiplied out, it will appear as a
linear function of (0%), (0**1%),. .. (0******+--) the coeflicients being positive (cf.
Second Memoir, loc. ctt., p. 102). ' '

To find therein the coefficient of the term (0°) we must operate with Dy, and the
sought coefficient is the resulting numerical term. If the factors (0%)(0*)(0"). . . be
¢t in number, we are concerned with lattices of ¢ columns and s rows. The first opera-
tion of Dy results in a first row whose compartments contain ¢ or fewer zeros placed
in any manner so that not more than one zero is in each compartment ; similarly, for
the successive rows and the final lattice is subject to the single condition that the
numbers of zeros in the successive columns are A, pu,», . . . respectively. The number
of such lattices is

{D5(07) (04) (0) . . }n- == - e
or, symbolically, ( —1) (0)( 9 () .
We have thus the analytical solution of a distribution problem upon a lattice.
It may be convenient to give the lattice a literal form by writing a for zero in the

compartments.
Art. 10.—Contrast the result obtained with that which arises from

DMy (1) (1) . ..

The lattices are similar to those above, with the additional condition that each row
is to contain but one letter &. Again, from

DDy, . Dy (1) (1) (17) -

arise lattices of ¢ columns and s rows with the same condition as the zero lattices,
but with the additional conditions that the numbers of letters « in the successive
rows are to be p,, p, . . . p, respectively. This remark leads to a relationship -

between the coefficients in the developments of (1%)(1#)(1” ) . and (0%)(0*)(0%) .
respectively. For let _
WA)A) .= A (PP )

+ Al’x’?’n’---l’-’(p]’zos’ IR 20.,') +...,


http://rsta.royalsocietypublishing.org/

JA '\

/ y

A A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A A

A \
1~

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

THE FOUNDATIONS OF A NEW THEORY. 379

the terms written comprising all monomial functions whose partitions contain exactly
s parts; and

(0)(0)(0) . .. = ...+ B0)+...

IfP,,,. . ., denote the number of permutations of the numbers p;, p,, . . . P,
I say that the above lattice theory establishes the relation

B“' = Pﬁlﬁz e oo Ps Apxpz e P + Pl’lll’n' Y 24 A'Pl'Pg’ . .'ps’ + ..

Ez. gr. Observe the two results

(12) (1) (1) = (31) + 2(2*) + 5(21%) + 12(1%),
(0%) (0) (0) = 4(0%) + 15(0°) + 12(0°),

and verify that the relation given obtains between the coefficients.

Art. 11.—This zero theory is really nothing more than a calculus of binomial
coefficients, which enables the study of their properties by means of the powerful
instruments appertaining to the Theory of Symmetric Functions. The Law of Sym-
metry established by the author in the Second Memoir (loc. cit.) is easily established
by means of the lattice ; it may be stated in a simple form, because all the functions
(0),(0),(0%), . . . are to be regarded as having the same specification, viz. (0); further,
the specification of (0%)(0)(0*) . . . to s factors is (0°)). Select all the products
formed from a given mumber of zeros which have the same specification (07), and
attach to each a coefficient equal to the number of permutations of which it is sus-
ceptible. Denote the sum of such products by 3Co (0)(0*)(0*) . . . . Similarly,
for a specification (0/) denote the sum of such products by SCo (07)(07)(07). . . .
Then .

ZCo(0%) (04 (01) . . . = ... 4+ A(0) +. ..
2Co(02) (09) (07) . . . = . . . 4 A(0) +. . .

the coefficient A being the same in both cases.
Bz, gr. Verify that

2(0%) (0) + (022 = . . . 4 12(0%) + . . .
3(09 (0 =. . . + 12(0%) + . . .

§ 3.

Art. 12.—T continue the general plan of this paper, viz. :—I do not attempt the
solution of any particular problems, unless they are suggested by the general course
of the investigation, but rather start with definite operations and functions, and
seek to discover the problems of which they furnish the solution. This is the
reverse process to that employed in the ‘ Trans. Camb. Phil. Soc.’ (loc. cit.), where I
particularly investigated a number of questions more or less directly associated with

3¢c2
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the famous Problem of the Latin Square. I anticipate what follows to the extent
of observing that the Latin Square again presents itself without special effort on
the part of the investigator, and that a new and very simple solution of that and
associated problems is obtained.

T seek to obtain theorems which flow from a consideration of symmetric functions
of several systems of quantities, taken in conjunction with appropriate operations.

T make the reference MacManON, “ Memoir on the Roots of Systems of Equa-
tions,” ¢ Phil. Trans.,” A, 1890. ‘

Consider the systems of quantities

OCI, ag, 0&3, .
Bl) 32) 1839 .
Yis Yo Voo -
and write
(14 ey + By + yiws + . - D (14 agmy + By + yomy) - - -
= 1 + aloo_“wl"l"a'(no”.mz"l". o . +apqr,,_w1pw29$3' o e e + « e s
Denote the symmetric function
zalplﬁlﬁh.yl"'l L a;’zﬁzhyéfz L. asPal‘gsqg,ya”‘s L.
by T N s D
so that Upr .= (100 . . 2010 ... 001 ... ...)
Ex. gr. == SouByysS, = (1000 0100 0010 0001)

The quantities a,, . . are the elementary symmetric functions.
The linear operator d,,, . .. is defined by

DAy v - d
dm:p A ap‘“"’) QK TPy o v s Zz&;;;“‘“"‘“‘
that d =3 o ¢
80 a 00, .. — PLaem e dty,
d
duo... =3 @pgor,r ... deggr « .. ?
d
doy ... =32 ‘ Ap.g.r=1, . .. dopgr « . .
D, =i d. i dy
and then vor e = pigirl L G Foo b e

the multiplication of operators being symbolic as in Tavror's theorem, so that
D, .. is an operator of the order p+ g+ -+ ... and does mot denote
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p+q+ 7+ ... successive linear operations. The operation of D,, . upon a
monomial symmetric function has been explained (loc. cit.). It has the effect of
obliterating a part pgr . . . from the partition of the function when such a part
is present, and an annihilating effect is every other case. The operation upon a
product has the effect of erasing a partition of pgr . . . from the product, one
part from each factor in all possible ways, the result of the operation being a sum of

products, one product arising from each erasure of a partition.
Ezx. gr. D,,(43 22) = (22).
If we have to operate with D, upon
(3% 29) (3T 1)
we have to erase the two partitions (32 11), (22 21), and arrive at
D,,(32 22) @1 11) = (22) (21) + (32 11).

Art. 13.—1It will suffice to consider three systems of quantities as typical of the
general case. :
Take the function

Crr, Orges + + + Ons = (1007 010" 001" (100™ 010™001™) . . . (100 010" 001")

and the operation Dpyr, Dogrs -+« Dy

(Mparr Aoy - . Apgy) and (p1g17y PogeTs - - - Pegit)

being each partitions of the same tripartite number.

If Doy Boguws + + + Drguwy, =+« - + A(p19171 Pegora - - - pugers) + ...,

Dmm Dpsirs -+« Dpare Wy Orguy + + + Oraw, = A

and we have to determine the nature of the lattices enumerated by the number
A. The tripartite number (p,¢,7;) has a partition of p, + ¢, + », parts, viz.:—

106 010 001 So that, in operating with D,,,,, upon the operand, we have to select

this partition from the product, one part from each factor, in all possible ways ; the
operation breaks up into minor operations as usual, and the first row of the lattice
of s columns and ¢ rows will contain in p; 4+ ¢; + 7, of its compartments the tri-
partite numbers 100, 010, 001 (p, of the first, ¢, of the second, and #, of the third)
in some order; the assemblage of numbers in this row is the partition of the
elementary function a,,,. Similarly a minor operation of D, . produces a second
row containing tripartite numbers, the assemblage of which constitutes the elementary
function a,,,. We finally arrive at a lattice such that the tripartites in- the
successive rows constitute the elementary functions o, ., ®pgms + « « Cpgn TESpEC-
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tively, and in the successive columns the elementary functions @, .., @pps « + - Qaps
respectively, and the number A enumerates the lattices possessing this property.

We may give this case a purely literal form by writing 100 = a, 010 = b, 001 = ¢,
and then we have a lattice of s columns and ¢ rows, such that the products of
letters in the successive rows are a”b?c", anbuc™, . . . a”b%" respectively, and in the
successive columns ahb*c”, abc, . . . aMe respectively.

Art. 14.—Stated in this form the problem appears to have a close relationship to
the problem of the Latin Square. It is in fact a new generalization of that problem ;
for put s =t =3 and

Il
Il

rs = 1
1

PrLr=0h =7"T=DPy = G = ¥y = P3 qs

M=p=n=hN=p=n=h=p=y

so that the operation is D}, and the function ¢}, One lattice is then

010100001

001 | 010 {100

100|001 | 010

or in literal form

blalc

c a
aleld

o~

which is a Latin Square. Hence the numbers of Latin Squares of order 3 is

3 b
. Dlll al]l’
and in general of order n

n n
D]ll..‘l alll...l’

a very simple solution of the problem. If reference be made to the solution arrived
at (loc. cit.) by considerations relating to a single system of quantities, it will be
noticed that the peculiar difficulties intrinsically present in that solution disappear
at once when n systems of quantities are brought in as auxiliaries. The Latin
Square appears at the outset of this investigation, and in a perfectly natural
manner.

Art. 15.—Now put

PL=Py= . =Pspn=A=MN=0h= ... =N
Q1=Q2= L =g)\+/¢+v=“l‘=:u'l=“2:‘ :/'L/\~l-,4-l-v
TI=7 == . .. = Py =V SV SV L0 S Vg

sothat s =¢ =N+ p + ». We have then lattices enumerated by

l))\ +tpotw .()\-l-p. +v
T AMY ¢ Aup 2
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and, in the literal form, they are such that the product of letters in each of the
A+ p+ vrows and N + p + v columns is a*b*c’, one letter appearing in each com-
partment of the lattice. This is the extension of the idea of the Latin Square which
was successfully considered in the former paper (loc. cit.), but now the enumeration is
given in a simpler form and from simpler considerations.
In general, it has been established above that the Latin Squares based upon the
product
arbhe” .
are enumerated by the expression
Dﬁ:”’h"" e amy.+v+ .
the simplicity of which leaves nothing to be desired.
Art. 16.—Consider the particular case of the general theorem which is such that
no compartment is empty ; the lattice has # columns and m rows.
p1+(11+711=232+ (12+"'2= e .':pm+q;n+7'm=n
Mdumtrn=Mhtptr=... =NFp+v, =m,

the corresponding lattices being enumerated by
D]’qu"1Dﬁﬂz"2 LI Dp,,,/],nfm a)\,u;v,a)ghvg L a’/\ny.,.v,.:

These, when given the literal form, possess the property that the products of
letters in the successive rows are a?b%c™, arb®c™, .. . ab™c™ respectively, and in the
successive columns ahb*ich, arbc, . . . atbc™ respectively.

Ex. gr. Suppose the row products to be ¢, a?b?, a*? at, and the column products
at, a’b, a®, ab?

Dy D3Dyottanar s

— D, DLD (0% (10° 01)* (T0 01%)
— D, Dy{i0°) (10° 01y’ (0T%)

— Dy(T0) (10 61 (31)

= D,, 2(10)* (01)*

= 2.

and the two lattices are
alalald alalalb
alal{b|d alblalb
alblalbd alalbl|b
alalala alalala
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Again, suppose the row products to be @b, a?? a*?, and the column products
a®, a?b, a®, b®
D3 D3, ag a3y g
= D, D3 (ﬁ)s) (162 bT)z (612)
— Dy, (10%) (10 01’ (01°)
= 2D, (10)° (01)" = 2,
and the lattices are

alalald alalalbd
alalb|b alblalbd
alblal|b alalb|b

Art. 17.—In general, we may state that the lettered lattices, which are such that
the row products are in order

abbuen . kn, afbeer L L ke L L L aPbte™ L L. k=,
and the column products in order

e N A R R A A N
one letter being in each compartment, are enumerated by

D

MO - -7y Dszg"g [T B D_’mem'l'm e Zm a’/\lum <} az\zuzl'g A a’z\mnv,. A

a very interesting development of the Latin Square problem.,
We have found above the nature of the lattices enumerated by the number

Dplflrfl . ngqzrs N Dp:qm . a’z\lulvl ‘e al\gﬂg"g T a/\.u.v. .

any number of systems of quantities being involved, and the mere fact of the
existence of the lattices indicates a law of symmetry which may be stated as
follows :—

If
Oy O+ e Oy =AD" - PGy oo DG )

then

aplqm )

Opiry ..+ ++ Opgore. . = - o+ Ay oo Ropro¥y oo o A L)

Art. 18.—The next case that comes forward for examination is that connected with

the homogeneous product sums %,,, . . . We require the theorem
qur [ h)«pw ve. b‘)\-p, =G, P=F . .«

and also
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THE FOUNDATIONS OF A NEW THEORY. 385
Dz)qr PN h’/\lp.lvl e h)\g{ﬁglfg PR h)\smv. . oy
= 2]]’/\1"2% Br=G1 V=T - - h"\z“]’aa Ma=ay Va—=Fpy + + - * ° ° ]l"\“‘l"s fe=Qoy Vs—Tsy « .+«

where (P17, - - - PaQals - « - .« - . PG . . .) is a partition of (pgr . . .), and the
sum is for all such partitions and for a particular partition is for all ways of operating
upon the suffixes with the parts of the partition. Er. gr.

Dylghgy = hoy + by + hghy + hyghy,

Taking ouly tripartite functions for convenience, consider the function

Por s P, + =+ Pora
and the operation Dyur Dypare + + + Do
we have Dy Diairs + Do Porgrs Porgu, -+« Mg, = A
where (Prqa71 Pagare - - Peqers) and (Mpyvy Apgvy - Apas)

being partitions of the same tripartite number,

T Py + + + Torgr, = o o A(piqrr) pegars -

The operation of D, . upon the product splits up as usual into a number of minor
operations, one of which, as shown above, is connected with one of its partitions
operating in a definite manner upon the suffixes Nyu,v;, Augvy, . . . Ay, Hence the
first row of the lattice has in certain of its s compartments the tripartite parts ot
some partition of pyq,7; the second row also will have in certain of its compartments
the tripartite parts of some partition of pygyry ; and finally we must arrive at a lattice
whose rows are associated with partitions of p,q,ry, paQeres - - . Piqe7s Tespectively,
and whose ¢ columns are associated with partitions of Ay, Mpgve, . . . Agugs
respectively. There is no restriction on the magnitude of the constituents of the
various tripartite numbers which appear in the compartments. The lattices thus
defined are enumerated by the number A.  We may give the lattice a literal form by
writing a?b’c” for (por) in a compartment. We then have a theorem which may be
stated as follows :— o

Monomial products of letters e, b, ¢, . . . may be placed in the compartments of a
lattice of ¢ rows and s columns in such wise that the multiplication of products in
successive rows produces a”b%¢™ . . ., atb™ct . . ., . . . a?b%" . . . respectively,
and in successive columns produces aMbtc . .., atbmen Lo MR L L
respectively in a number of ways enumerated by the number A above defined.

1t is scarcely necessary to observe that

Sp—Sh=3g—Su=3r—Sv= .., =0,

and that only s 4 ¢ — 1 of the s 4 ¢ literal products are independent,
VOL, CXCIV.—A. 3 D
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Art. 19.-—In conclusion, it may be remarked that there is no difficulty in evolving
a mixed theory which involves the operation both of the infinitesimal caleulus and of
the finite caleulus. Operations and functions may be designed which lead to lattices
which are not rectangular. The theory may be connected with complete or
incomplete lattices in three or more dimensions; and finally one of the most
promising paths of research appears to be connected with a multipartite zero. These
matters may be the subjects of future investigation. For the present enough has
been said to indicate the apparent scope of the new method.


http://rsta.royalsocietypublishing.org/

